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AFFINE TORIC SL(2) - EMBEDDINGS
SERGEY A. GAIFULLIN
Abstract. In 1973 V.L.Popov classified affine SL(2)-embeddings. He proved
that a locally transitive SL(2)-action on a normal affine three-dimensional
variety X is uniquely determined by a pair (p
q
, r), where 0 < p
q
≤ 1 is an
uncancelled fraction and r is a positive integer. Here r is the order of the
stabilizer of a generic point. In this paper we show that the variety X is
toric, i.e. admits a locally transitive action of an algebraic torus, if and only
if r is divisible by q − p. To do this we prove the following necessary and
sufficient condition for an affine G/H-embedding to be toric. Suppose X is
a normal affine variety, G is a simply connected semisimple algebraic group
acting regularly on X, H is a closed subgroup of G such that the character
group X(H) is finite and G/H →֒ X is a dense open equivariant embedding.
Then X is toric if and only if there exist a quasitorus bT and a (G× bT )-module
V such that X
G
∼= V/ bT . The key role in the proof plays D.Cox’s construction.
Introduction
We work over an algebraically closed field K of characteristic zero.
A normal variety X is called toric if it admits a locally transitive action of an
algebraic torus T . Let us fix the action of T on X . The theory of toric varieties
(see, for example, [1]) assigns a rational strongly convex polyhedral cone to an
affine toric variety. This cone uniquely determines the variety up to a T -equivariant
isomorphism.
It follows from D.Cox’s paper [2] that an affine toric variety without non-constant
invertible functions can be realized as a categorical quotient V//T̂ of a vector space
V by a linear action of a quasitorus T̂ . This vector space is the spectrum of the
Cox ring. On the other hand, it is not difficult to show that a categorical quotient
of a vector space by a linear action of a quasitorus is toric.
Further all varieties are normal, affine and irreducible, and all actions are regular.
Suppose X is a variety, G is a simply connected semisimple group acting on X ,
and H is a closed subgroup of G such that the character group X(H) is finite. Let
G/H →֒ X be an open equivariant embedding. The main idea of this paper consists
in the following necessary and sufficient condition for X to be toric.
Proposition. Affine G-variety X with an open G-equivariant embedding G/H →֒
X is toric if and only if there exist a quasitorus T̂ and a (G × T̂ )-module V such
that X
G
∼= V//T̂ .
The proof is based on the construction of (G × T̂ ) - action on the spectrum of
the Cox ring. It follows from [3] that this action is linear.
In Section 6 we investigate three-dimensional varieties with a locally transitive
SL(2)-action. Recall that a (normal affine irreducible) three-dimensional variety
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X with locally transitive and locally free SL(2)-action is called an affine SL(2) -
embedding. Affine SL(2) - embeddings are studied in [4] (see also [5, Ch.III, § 4]).
In [4] it is also proved that if an SL(2) - action on a three-dimensional variety X
is locally transitive but not transitive, then the stabilizer of a generic point is a
cyclic group. By r we denote the order of this group. Then the variety X is called
an affine SL(2)/Zr - embedding. Let U be a maximal unipotent subgroup of SL(2).
The algebra of U -invariants of the action is a monomial subalgebra of a polynomial
algebra in two variables. This subalgebra determines a rational number 0 < pq ≤ 1,
which is called the height of the action. We shall assume that p and q are relatively
prime. One of the main results of V.L.Popov’s theory asserts that affine SL(2)/Zr -
embeddings considered up to an SL(2) - equivariant isomorphism are in one-to-one
correspondence with pairs (pq , r), 0 <
p
q ≤ 1, r ∈ N. In this paper we find all pairs
(pq , r) such that the corresponding variety X is toric.
In Section 6 we use the previous proposition for G = SL(2), H = Zr. Further
we find out when the SL(2) - action on V//T̂ is locally transitive and determine the
corresponding pairs (pq , r). Finally we obtain the following theorem.
Theorem. Suppose X is a three-dimensional normal affine irreducible variety with
a regular locally transitive SL(2) - action. Then X is toric if and only if it is an
SL(2)/Zr - embedding with height
p
q , (p, q) = 1, such that r is divisible by q − p.
In Section 7 the cone of the SL(2)/Zj(q−p) - embedding regarded as a toric variety
is calculated.
After this paper had already been written, D.I.Panyushev informed the author
that the easy part of this theorem claiming that SL(2) - embeddings with r divisible
by q − p are toric can be deduced from his results [6].
The author is grateful to his supervisor I.V.Arzhantsev for posing the problem
and permanent support.
N o t a t i o n
SL(2) is the group of matrices with determinant 1 over the field K;
U =
{(
1 0
a 1
)
, a ∈ K
}
;
X(G) is the group of characters of a group G;
Zr is the cyclic group of order r;
A× is the set of invertible elements of an algebra A;
Spec(A) is the spectrum of a finitely generated algebra A;
K[X ] is the algebra of regular functions on a variety X ;
K(X) is the field of rational functions on a variety X ;
(f) is a principal divisor of a function f ∈ K(X);
X//G is the categorical quotient of a variety X by an action of a group G;
Cl(X) is the divisor class group of a variety X .
1. Preliminary information on toric varieties
Let X be an (affine) toric variety with a torus T acting on it. By M denote the
lattice X(T ). Let N = Hom(M,Z) be the dual lattice, with the pairing between M
and N denoted by 〈 , 〉. Then N may be identified with the lattice of one-parameter
subgroups of T . Each m ∈ M gives a character χm : T → K∗. The variety X
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corresponds to a strongly convex polyhedral cone σ in NQ = N ⊗ZQ. Suppose σ̂ is
the dual cone in MQ =M ⊗ZQ. Then K[X ] is isomorphic to the semigroup algebra
K[M ∩ σ̂].
Let ∆(1) be the set of one-dimensional faces of σ. It follows from [1, Ch.3, § 3]
that each one-dimensional face ρ ∈ ∆(1) corresponds to a prime T -invariant divisor
Dρ in X and each prime T -invariant divisor in X coincides with Dρ for some
ρ ∈ ∆(1).
The following lemma can be found in [1, Ch.3, § 4].
Lemma 1. Any divisor on X is linearly equivalent to a T -invariant divisor.
Let nρ be a unique generator of ρ ∩ N , where ρ ∈ ∆(1). Take m ∈ M . Then
χm : T → K∗ is a regular function on T and a rational function on X . It is proved
in [1, Ch.3, § 3] that (χm) =
∑
〈m,nρ〉Dρ.
The following construction is given in [2].
Definition 1. The Cox ring of a toric variety X is a polynomial ring in u variables
enumerated by elements of ∆(1), where u is the number of one-dimensional faces
in σ:
Cox(X) = K[xρ | ρ ∈ ∆(1)].
A monomial
∏
x
aρ
ρ corresponds to the T -invariant divisor D =
∑
aρDρ. Let x
D
be this monomial. Let us grade Cox(X) by the group Cl(X) so that the degree
of a monomial xD is [D] ∈ Cl(X). Degrees of two monomials are equal if these
monomials are
∏
x
aρ
ρ and
∏
x
aρ+〈m,nρ〉
ρ for some m ∈M .
2. The total coordinate ring
Given an arbitrary variety X and a divisor D on it we denote by H0(X,D) the
following subspace in K(X):
H0(X,D) = {f ∈ K(X)|(f) +D ≥ 0}.
If X is toric and D =
∑
aρDρ is a T - invariant divisor, we have
H0(X,D) =
⊕
m∈PD
Kχm,
where PD = {m ∈M | ∀ρ ∈ ∆(1) : 〈m,nρ〉 ≥ −aρ}.
Let X be an arbitrary variety. Suppose that Cl(X) is a free finitely generated
group. Let {α1, . . . , αs} be its basis and Lαi be fixed divisors such that [Lαi ] = αi.
If α ∈ Cl(X), then we have α =
∑
liαi, li ∈ Z. We define Lα as
∑
liLαi . Then we
obtain a vector space graded by the group Cl(X):
S(X) =
⊕
α∈Cl(X)
H0(X,Lα).
Let us define a multiplication in S(X) as follows. If f ∈ H0(X,Lα), g ∈ H
0(X,Lβ),
then their product in S(X) is an element of H0(X,Lα+β) equal to their product in
K(X). This multiplication is extended to S(X) by distributivity. The ring S(X) is
called the total coordinate ring of the variety X . It does not depend on basis chosen
in Cl(X) and on the choice of divisors Lαi (see [7, 8]). If X is a toric variety we
can choose Lαi to be T -invariant.
For the following lemma, see [2].
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Lemma 2. Assume that K[X ]× = K× for a toric variety X. Then the graded
algebras S(X) and Cox(X) are isomorphic.
The next lemma is a simple corollary of the Rosenlicht theorem (see [9]).
Lemma 3. Assume that a semisimple group G acts locally transitively on a variety
X. Then there are no invertible non-constant functions in K[X ].
Corollary 1. If for a toric variety X the conditions of Lemma 3 are fulfilled, then
the algebra S(X) is free.
Next we consider the problem of lifting of an action of an algebraic group G on
a variety X to an action on the spectrum of the ring S(X). In this context we can
partially invert Corollary 1.
Proposition 1. Let G be a simply connected semisimple group acting on a variety
X and H ⊂ G be a closed subgroup. Assume that the character group X(H) is
trivial. Suppose G/H →֒ X is an open equivariant embedding. Then Cl(X) is free
finitely generated and the following conditions are equivalent:
1) the variety X is toric;
2) there exist a G-module V and a linear action of a torus T̂ : V commuting
with the action of G such, that X
G
∼= V//T̂ ;
3) the algebra S(X) is free.
Proof. First we prove that Cl(X) is free finitely generated. Denote by E1, E2 . . . Es
all prime divisors in X \ (G/H). Since G is connected, all the divisors Ei are
G-invariant. Since G is a simply connected semisimple group and H is its closed
subgroup, Cl(G/H) ∼= Pic(G/H) ∼= X(H) (see [10, Prop. 1], [10, Th. 4]). There-
fore, Cl(G/H) = 0. Hence Cl(X) is generated by G-invariant divisors, that is, by
divisors
∑
aiEi. If c1E1 + . . . + csEs = (f), then, since Ei are G-invariant, f is
G-semiinvariant. But, since G is semisimple, we have X(G) = 0 and hence f is
G-invariant. This implies f = const, and Cl(X) is freely generated by the divisor
classes [Ei].
Implication 1)⇒ 3) is already proved in Corollary 1.
3)⇒ 2) The group G acts on K(X) as g ·f(x) = f(g−1 ·x). Consider D =
∑
aiEi
and f ∈ H0(X,D). Then
(f) +D ≥ 0;
(g · f) +D ≥ 0⇒ g · f ∈ H0(X,D),
that is, H0(X,D) is a G-module. Obviously, the G-action respects the multiplica-
tion in S(X).
Let us choose L[Ei] = Ei. Then
S(X) =
⊕
α∈Cl(X)
H0(X,Lα) =
⊕
D=a1E1+...+asEs
H0(X,D).
Consider an s-dimensional torus T̂ . Its action on H0(X,D) is defined as follows.
If t = (t1, . . . , ts) ∈ T̂ , then t · f = t
a1
1 . . . t
as
s f , while f ∈ H
0(X,D), D = a1E1 +
. . .+ asEs. This action is extended to S(X) by linearity. The actions of G and T̂
on S(X) commute. Therefore,
(T̂ ×G) : SpecS(X).
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The only G× T̂ -invariant functions on S(X) are constants. Indeed,
S(X)
bT×G = (S(X)bT )G
and
S(X)
bT = H0(X, 0) ∼= K[X ].
The G-action on X has an open orbit. Hence, K[X ]G = K. Since S(X) is free,
we have SpecS(X) ∼= Ku. By Kraft-Popov’s theorem [3], an action of a reductive
group on Ku is equivalent to a linear action, if the regular functions invariant under
this action are only constants. Now denote the (T̂ ×G)-module SpecS(X) by V .
Since S(X)
bT = K[X ], X
G
∼= V//T̂ .
2)⇒ 1) Since the T̂ -action on V is linear, all elements of T̂ are simultaneously
diagonalizable. Consider the torus T consisting of all diagonal operators in the
same basis in which T̂ is diagonal. Then the action T = T/T̂ : V//T̂ has an open
orbit. Hence X is a toric variety.

3. Lifting of the action
It follows from the proof of Corollary 1 that, if X(H) = 0, then the action G : X
may be lifted to an action on the spectrum of the total coordinate ring. In this
section we define a construction similar to the construction of total coordinate ring
and consider the problem of lifting of the action, when the group of characters
X(H) is finite.
Suppose that the divisor class group of a variety X is finitely generated. Let us
choose a generative system ξ1, . . . , ξn, η1, . . . , ηs of the group
Cl(X) ∼= Zn ⊕ Zk1 ⊕ . . .⊕ Zks ,
where {ξi} is a basis of the free group Z
n, and ηj is a generator of the cyclic group
Zkj . Let us fix some divisors E1, . . . , En,W1, . . . ,Ws on X , such that [Ei] = ξi,
[Wj ] = ηj . Now we can define a generalisation of total coordinate ring. Consider a
linear space
S(X) =
⊕
λi∈Z, µj=0,1,...,kj−1
H0(X,
∑
λiEi +
∑
µjWj).
Let us choose rational functions F1, . . . , Fs such that ksWs = (Fs). We define a
multiplication ∗ on S(X) as follows. If f ∈ H0(X,
∑
aiEi +
∑
bjWj) and g ∈
H0(X,
∑
ciEi +
∑
djWj), then
f ∗ g = fg
∏
F
[
bj+dj
kj
]
j ∈ H
0
(
X,
∑
(ai + ci)Ei +
∑{bj + dj
kj
}
kjWj
)
,
where [x] is the integer part of x and {x} is the fractional part of x. We need to
prove that fg
∏
F
[
bj+dj
kj
]
j belongs to
H0
(
X,
∑
(ai + ci)Ei +
∑{ bj + dj
kj
}
kjWj
)
.
It follows from
(f) +
∑
aiEi +
∑
bjWj ≥ 0;
(g) +
∑
ciEi +
∑
djWj ≥ 0;
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(fg
∏
F
[
bj+dj
kj
]
j ) +
∑
(ai + ci)Ei +
∑{bj + dj
kj
}
kjWj =
= (fg) +
∑
(ai + ci)Ei +
∑
(bj + dj)Wj ≥ 0.
Extending ∗ by distributivity, we obtain a commutative algebra S(X). The
algebra S(X) is graded by the group Cl(X).
Lemma 4. The algebra S(X) does not depend on the choice of
E1, . . . , En,W1, . . . ,Ws.
Proof. Let E˜1, . . . , E˜n, W˜1, . . . , W˜s be other divisors on X such that [E˜i] = ξi,
[W˜j ] = ηj . Then E˜i = Ei − (Ji), W˜j =Wj − (Rj). There exists a map
ϕ : H0(X,
∑
λiEi+
∑
µjWj)→ H
0(X,
∑
λiE˜i+
∑
µjW˜j); f 7→ f
∏
Jλii
∏
R
µj
j .
Let us combine the maps ϕ with different λi and µj and extend this map to a
linear map. We obtain a map between the algebras S(X) corresponding to different
choices of divisors E1, . . . , En,W1, . . . ,Ws. Suppose f ∈ H
0(X,
∑
aiEi+
∑
bjWj),
h ∈ H0(X,
∑
ciEi +
∑
djWj). Then
ϕ(f) ∗ ϕ(g) = ϕ(f)ϕ(g)
∏(
FjR
−kj
j
)[ bj+dj
kj
]
=
=
(
f
∏
Jaii
∏
R
bj
j
)(
h
∏
Jcii
∏
R
dj
j
)∏(
FjR
−kj
j
)[ bj+dj
kj
]
=
=
(
fh
∏
F
[
bj+dj
kj
]
j
)∏
Jai+cii
∏
R
{
bj+dj
kj
}kj
j = ϕ(f ∗ h).
Hence, ϕ is an isomorphism. 
Remark 1. The algebra S(X) does not depend on a splitting of Cl(X) into a direct
sum of cyclic groups and on the choice of a system of generators of the group Cl(X).
Proposition 2. Let G be a semisimple simply connected group acting on a variety
X and H ⊂ G be a closed subgroup. Assume that the group of characters X(H) is
finite. Suppose G/H →֒ X is an open equivariant embedding. Then Cl(X) is finitely
generated and there exists an action G : S(X) preserving homogeneous components
and coinciding on S(X)0 ∼= K[X ] with the G-action on K[X ].
Proof. We denote byE1, . . . , En all prime divisors inX\(G/H). SinceG is semisim-
ple, these divisors are G-invariant. From [10, Prop. 1] and [10, Th. 4] it follows that
Cl(G/H) ∼= X(H). The divisors E1, . . . , En generate a free subgroup Z
n ⊂ Cl(X).
For any divisor D in X there exists a linear combination
∑
λiEi such that the
support of D−
∑
λiEi lies in G/H. Hence, the quotient group Cl(X)/Z
n is finite.
Therefore, we have
Cl(X) = Zn ⊕ Zk1 ⊕ . . .⊕ Zks .
For any α ∈ Cl(X) we have α = (β1, . . . , βn, α1, . . . , αs), where βi ∈ Z, αj ∈ Zkj .
Let us consider divisors W1, . . . ,Ws such that [Wj ] = (0, . . . , 0, 1, 0, . . . , 0), where 1
stands at the (n+ j)th position.
By [10, Prop. 1], Cl(G) = 0. This means that all divisors in G are principal.
Suppose π : G → G/H is the factorisation morphism and i : G/H → X is the
embedding. These morphisms induce the embeddings of fields K(X)
i∗
→֒ K(G/H)
pi∗
→֒
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K(G). The homogeneous space G/H is smooth. Hence any Weil divisor in G/H is a
Cartier divisor. SinceWj∩(G/H) is a Cartier divisor, there exists an open covering
{Uα} of G/H such thatWj∩Uα = (ϕα). Let Q be the pullback ofWj∩(G/H) in G.
We have Q∩π−1(Uα) = (π
∗(ϕα)). Since Q is a principal divisor, we have Q = (fj),
where fj ∈ K[G]. Therefore the pullback of the divisor (Fj |G/H) = (i
∗(Fj)) is (f
kj
j ),
that is, (π∗(i∗(Fj))) = (f
kj
j ). We may assume that π
∗(i∗(Fj)) = f
kj
j . In the sequel
we shall not distinguish between functions of K(X) and their images under the map
π∗ ◦ i∗. Thus, fj is an element of K(G) such that f
kj
j ∈ K(X) and kjWj = (f
kj
j ).
Let us define an action • of the group G on H0(X,D), where D =
∑
λiEi +∑
µjWj , λi ∈ Z, µj = 0, . . . , kj − 1. Suppose g ∈ G. Then g
−1 · D =
∑
λiEi +∑
µj(g
−1 · Wj). Since kjWj = (f
kj
j ), we obtain kj(g
−1 · Wj) = g
−1 · (kjWj) =
g−1 · (f
kj
j ) = (g
−1 ·f
kj
j ) = (f
kj
j )+
(
g−1·f
kj
j
f
kj
j
)
. Let us consider the H-action on G by
right shifts. Then H acts on K(G) and K(G/H) = K(G)H . Suppose h ∈ H . Since
f
kj
j ∈ K(G/H), we have h · fj = εfj , where ε
kj = 1. Then
h ·
g−1 · fj
fj
(g′) =
fj(h
−1gg′)
fj(h−1g′)
=
εfj(gg
′)
εfj(g′)
=
g−1 · fj
fj
(g′).
Hence,
g−1·fj
fj
∈ K(G)H = K(X). By definition, we put
g • f = (g · f)
∏(g · fj
fj
)µj
= g ·
(∏( fj
g−1 · fj
)µj
f
)
,
where f ∈ H0(X,D), and the action · is the standard action on K(G). Let us check
that g • f lies in H0(X,D). We have (f)+D ≥ 0. Hence,
(
f
∏( fj
g−1·fj
)µj)
+ g−1 ·
D ≥ 0. Therefore, g ·
(
f
∏( fj
g−1·fj
)µj)
+D ≥ 0, that is, g • f ∈ H0(X,D). Let us
check that • is an action.
(gg˜) • f = (gg˜)
(
f
∏( fj
(gg˜)−1 · fj
)µj)
=
= g ·
(
g˜ ·
(
f
∏( fj
g˜−1 · fj
)µj ∏( g˜−1 · fj
g˜−1 · (g−1 · fj)
)µj))
=
= g ·
(
(g˜ • f)
(
fj
g−1 · fj
)µj)
= g • (g˜ • f).
For (µ1, . . . , µs) = (0, . . . , 0) the action • coincides with the action · on K[X ]. Let
us extend the action • to the linear action on S(X).
Let us prove that • is an action by automorphisms of algebra S(X). We need to
show that g • (f ∗ f ′) = (g • f)∗ (g • f ′) for any g ∈ G and for any f and f ′ in S(X).
Since the action • is linear we may check only g•(χm∗χn) = (g•χm)∗(g•χn), where
χm ∈ H0(X,
∑
aiEi +
∑
bjWj), χ
n ∈ H0(X,
∑
ciEi +
∑
djWj). By definition,
χm ∗ χn = χmχn
∏
F
[
bj+dj
kj
]
j ∈ H
0
(
X,
∑
(ai + ci)Ei +
{
bj + dj
kj
}
kjWj
)
.
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We have
g • (χm ∗ χn) =
(
g ·
(
χmχn
∏
F
[
bj+dj
kj
]
j
))∏(g · fi
fi
){ bj+dj
kj
}kj
=
=
(g · (χmχn))
∏
(g · fj)
bj+dj∏
f
{
bj+dj
kj
}kj
j
=
=
(
(g · χm)
∏(g · fi
fi
)bj)(
(g · χn)
∏(g · fi
fi
)dj)∏
F
[
bj+dj
kj
]
j = (g•f)∗(g•f
′).
Proposition 2 is proved. 
If the algebra S(X) is finitely generated we can consider SpecS(X).
Lemma 5. The action • on S(X) induces a regular action on SpecS(X).
Proof. We need to prove that S(X) is a rational G-module. Let us prove that
H0(X,D) is a rational G-module with respect to the action •. Here D =
∑
aiEi+∑
bjWj and the divisors Ei areG-invariant. Let us recall that there are embeddings
of fields K(X)
i∗
→֒ K(G/H)
pi∗
→֒ K(G). If f ∈ H0(X,D), then i∗(f) ∈ H0(G/H,D ∩
(G/H)). The pullback of the divisor D ∩ (G/H) under the map π is a principal
divisor (J) in G. Hence we obtain f ∈ H0(G, (J)), that is, fJ ∈ K[G]. (Recall that
we do not distinguish between f ∈ K(X) and π∗(i∗(f)) ∈ K(G).) The action • on
H0(X,D) is defined by the formula
g • f = g ·
(
f
∏( fj
g−1fj
)bj)
=
g · (f
∏
f
bj
j )∏
f
bj
j
.
By definition, π∗(Wj ∩ (G/H)) = (fj). Hence, π
∗(D ∩ (G/H)) = (
∏
f
bj
j ), that is,
we may assume J =
∏
f
bj
j . Then g • f =
g·(fJ)
J . But it has been proved above
that fJ ∈ K[G]. It is known that K[G] is a rational module. Therefore, H0(X,D)
is a rational G-module with respect to the action •. Hence, S(X) is a rational
G-module. 
Let X be a toric variety. Then Lemmas 1 and 4 imply that the divisors
E1, . . . , En,W1, . . . ,Ws in the definition of S(X) can be chosen to be T -invariant.
Lemma 6. The graded algebras S(X) and Cox(X) are isomorphic.
Proof. Consider a divisor D =
∑
aiEi +
∑
bjWj . Recall that
H0(X,D) =
⊕
m∈PD
Kχm.
Let ψD be the linear map from H
0(X,D) to Cox(X)[D] taking each χ
m, where
m ∈ PD, to x
D+(χm). Since the only invertible functions in K[X ] are constants,
different functions χm corresponds to different divisors (χm). Therefore, ψD is an
embedding. If xD1 ∈ Cox(X)[D], then D1 − D is a principal divisor. Suppose
D =
∑
αρDρ, D1 =
∑
βρDρ. Then βρ − αρ = 〈m0, nρ〉 for some m0 ∈ M . But∏
x
βρ
ρ is a monomial in Cox(X). Hence for each ρ ∈ ∆(1) we have βρ ≥ 0. Therefore
〈m0, nρ〉 ≥ −αρ, that is, m0 lies in PD. Consequently ψD is a surjection. Thus ψD
is an isomorphism of linear spaces. Let us combine all maps ψ(
P
aiEi+
P
bjWj), ai ∈
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Z, bj = 0, . . . , kj − 1. We obtain the isomorphism of linear spaces ψ : S(X) →
Cox(X). Let us prove that ψ is an isomorphism of algebras. We need to check that
ψ(f ∗ g) = ψ(f)ψ(g) for any f and g in S(X). By distributivity we may assume
that f = χm ∈ H0(X,
∑
aiEi +
∑
bjWj) and g = χ
n ∈ H0(X,
∑
ciEi +
∑
djWj).
Then by the definitions of the multiplication ∗ and of the isomorphism ψ we obtain
ψ(f ∗ g) = ψ(χm ∗ χn) = ψ
(
χm+n
∏
F
[
bj+dj
kj
]
j
)
=
= x
P
(ai+ci)Ei+
P
{
bj+dj
kj
}kjWj+(χ
m)+(χn)+
P
[
bj+dj
kj
](Fj)
=
= x
P
(ai+ci)Ei+
P
{
bj+dj
kj
}kjWj+(χ
m)+(χn)+
P
[
bj+dj
kj
]kjWj
=
= x
P
(ai+ci)Ei+
P
(bj+dj)Wj+(χ
m)+(χn) =
= x
P
aiEi+
P
bjWj+(χ
m)x
P
ciEi+
P
djWj+(χ
n) = ψ(χm)ψ(χn) = ψ(f)ψ(g).

4. A necessary and sufficient condition for an affine G/H-embedding
to be toric.
Theorem 1. Let G be a semisimple simply connected group acting on a variety
X. Suppose H is a closed subgroup in G such that the group of characters X(H)
is finite. If there is an open equivariant embedding G/H →֒ X, then the following
conditions are equivalent:
1) X is a toric variety;
2) There exist a G-module V and a linear action of a quasitorus T̂ on V com-
muting with the G-action such that X
G
∼= V//T̂ ;
3) The algebra S(X) is free.
Proof. The implication 1) ⇒ 3) follows from Lemma 6.
3)⇒ 2) The algebra S(X) is graded by the group Cl(X) ∼= Zn⊕Zk1 ⊕ . . .⊕Zks .
Proposition 2 implies that there exists a G-action by automorphisms of the ring
S(X) that preserves homogeneous components and coincides on S(X)(0,...,0) ∼=
K[X ] with the standard G-action. Consider a quasitorus T̂ = T˜ × Zk1 × . . .× Zks ,
where T˜ is an n-dimensional torus. Let us define a T̂ -action on S(X). Suppose
f ∈ S(X)(λ1,...,λn,µ1,...,µs), where λi ∈ Z, µj = 0, 1, . . . , kj−1. Let t = (t1, . . . , tn) ∈
T˜ , εj ∈ Zkj ⊂ K
∗. Then (t, ε1, . . . , εs) · f =
∏
tλii
∏
ε
µj
j f. Obviously, this is
an action. Moreover, this action commute with G-action, because G preserves
homogeneous components in S(X) and every element of T̂ acts on each component
by multiplying by a constant. Hence G × T̂ acts on S(X). Lemma 5 implies
that G × T̂ acts on V = SpecS(X). Since S(X) is a free algebra, V is a linear
space. We have S(X)G×
bT = (S(X)bT )G = S(X)G(0,...,0) = K[X ]
G = K. The last
equality holds because G acts on X with an open orbit. The Kraft-Popov theorem
[3] implies that the action G × T̂ : V is equivalent to an linear action. Note that
S(X)
bT = S(X)(0,...,0). Moreover, since G-action on S(X)(0,...,0) ∼= K[X ] coincides
with the standard action, we have S(X)
bT = S(X)(0,...,0)
G
∼= K[X ]. Hence V//T̂
G
∼= X .
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2) ⇒ 1) The proof coincides with the proof of the corresponding implication in
Proposition 1. 
Remark 2. It follows from the proofs of Proposition 2 and Theorem 1 that n is the
number of prime divisors in the complement to G/H and s is not larger then the
number of cyclic components in any splitting of X(H).
5. Necessary information on SL(2)/Zr - embeddings
The results mentioned in this section can be found in [4] (see also [5, chapter 3]).
A normal affine SL(2) - embedding X is unique up to an isomorphism determined
by its height. The height is a rational number defined as follows. Let us consider
an SL(2) - equivariant open embedding ϕ : SL(2) →֒ X . It induces an embedding
ϕ∗ : K[X ] →֒ K[SL(2)] = K[α, β, γ, δ]/(αδ − βγ − 1). Here α, β, γ and δ are the
functions such that α(A) = a11, β(A) = a12, γ(A) = a21, δ(A) = a22 for any A =(
a11 a12
a21 a22
)
∈ SL(2). Let us consider the unipotent subgroup U =
{(
1 0
∗ 1
)}
in SL(2). U acts on SL(2) by left shifts. The algebra of U -invariant functions on
SL(2) is K[SL(2)]U = K[α, β]. Let us consider the restriction of ϕ∗ to K[X ]U . We
have ϕ∗ : K[X ]U →֒ K[SL(2)]U = K[α, β].
Proposition 3. The image ϕ∗(K[X ]U ) is a monomial subalgebra in K[α, β]. More-
over, ϕ∗(K[X ]U ) = 〈αiβj | j/i ≤ h〉 for some rational number h.
The rational number h is called the height of the embedding X .
For any SL(2)/Zr-embedding X there exists a unique up to an isomorphism
SL(2)-embedding Y such that X ∼= Y//Zr. Here the Zr-action on Y is an extension
of the Zr ⊂ SL(2) on SL(2) by right shifts. The height of the corresponding SL(2)-
embedding Y is called the height of the SL(2)/Zr-embedding X . The order of the
stabilizer of a point in the open orbit is called the degree of X . Thus, any normal
affine SL(2)/Zr-embedding is unique up to isomorphism determined by its height
h ∈ Q ∩ (0, 1] and degree r ∈ N.
Proposition 4. There is a unique prime divisor in the complement of the open
orbit in a normal affine SL(2)/Zr-embedding.
The divisor class group of a normal affine SL(2)/Zr-embedding has been calcu-
lated in [6]. It is isomorphic to Z⊕ Zl, where l =
r
(r,q−p) .
6. Classification of three-dimensional toric varieties admitting a
locally transitive SL(2)-action
Proposition 5. Let G be a semisimple simply connected group and H be a closed
subgroup of G. Assume that X(H) is finite. If the homogeneous space G/H has
positive dimension, then G/H is not a toric variety.
Proof. Let X = G/H be a toric variety of positive dimension. It follows from
Theorem 1 that X
G
∼= V//L, where V is a vector space and L is a group acting
linearly on V . Hence the image of 0 ∈ V under the factorisation morphism is an
G-stable point. This contradicts the transitivity of the G-action on X . 
Corollary 2. No three-dimensional toric variety admits a transitive SL(2)-action.
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Now suppose that the SL(2)-action on a three-dimensional variety X is lo-
cally transitive but is not transitive. Then X is an SL(2)/Zr-embedding. Ev-
ery SL(2)/Zr-embedding is uniquely determined by its height h. Let us calculate
the heights of the toric SL(2)/Zr-embeddings. Let us consider a toric SL(2)/Zr-
embedding X . A toric variety X corresponds to a cone σ in the space NQ.
Lemma 7. The number u of one-dimensional edges in σ is equal to 4.
Proof. By Lemma 1, any divisor in X is equivalent to a T -invariant one. Any
T -invariant divisor in X can be written as
∑
aρDρ. Hence, the rank of the group
of T -invariant Weil divisors in X is u. A T -invariant divisor is principal if and
only if it can be written as
∑
〈m,nρ〉Dρ for some m ∈ M . The lattice M has
dimension three. Hence the rank of the group of principal T -invariant divisors is
three. Therefore the rank of the divisor class group is u− 3 = 1, that is, u = 4. 
Recall that there exists a vector space V ∼= Ku = K4 and a linear (SL2 × T̂ )-
action on V such that X ∼= V//T̂ . By Remark 2, we have T̂ = T˜ ×Zl, where T˜ is a
one-dimensional torus. Suppose V = V1 ⊕ . . .⊕ Vn, where Vi are the weight spaces
of T˜ -action. Then each Vi is an SL(2)-module.
Let us consider the space Rs = 〈x
s, xs−1y, . . . , ys〉 of binary forms of degree s.
The group SL(2) acts on Rs by the following rule. If g =
(
a b
c d
)
, then g · x =
dx− by; g ·y = −cx+ay. Then Rs is an irreducible SL2-module of dimension s+1.
Any irredusible (s+ 1)-dimensional SL2-module is isomorphic to Rs.
There are 5 cases of splitting of V into irreducible SL2-modules.
1) V = R0⊕R0⊕R0⊕R0, 2) V = R0⊕R0⊕R1, 3) V = R0⊕R2, 4) V = R1⊕R1,
5) V = R3.
In cases 1), 2) and 3) all orbits in V have dimension less then three. Hence, all
orbits in V//T̂ have dimension less then three.
In case 5) T˜ acts on V by homotatis. Hence V//T˜ is a point. Thus case 5) is
impossible.
Let us consider case 4) : V = R1⊕R1. The variety V//T˜ can be three-dimensional
only if the weights of the T˜ -action have opposite signs.
We have
V = K2 ⊕K2 = V1 ⊕ V2;
T˜ : V1, t · v1 = t
npv1, p ∈ N, v1 ∈ V1;
T˜ : V2, t · v2 = t
−nqv2, q ∈ N, v2 ∈ V2, n ∈ N, (p, q) = 1.
Let us introduce the following notation.
Z = V//T˜ ;
Y = {v1 ⊗ . . .⊗ v1︸ ︷︷ ︸
q
⊗ v2 ⊗ . . .⊗ v2︸ ︷︷ ︸
p
} ⊂ V ⊗q1 ⊗ V
⊗p
2 .
Proposition 6. There exists an SL2-equivariant isomorphism between the varieties
Y and Z.
Proof. Let us fix the isomorphism of SL2-modules V1 ∼= V2. Let us also fix the
bases in V1 and V2 corresponding to each other under the chosen isomorphism. Let
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x1, x2 be the coordinates in V1 corresponding to the chosen basis and y1, y2 be the
corresponding coordinates in V2. Then
K[Y ] = K[Z] = K[xm1 x
q−m
2 y
l
1y
p−l
2 | m = 0, . . . , q; l = 0, . . . , p].
Hence, Y
SL(2)
∼= Z.

In the sequel we shall not distinguish between Z and Y and use the notation Y .
Let us consider the following SL2-orbit in Y
O = Orb(u), u = e1 ⊗ . . .⊗ e1︸ ︷︷ ︸
q
⊗ e2 ⊗ . . .⊗ e2︸ ︷︷ ︸
p
.
Here e1 ∈ V1 and e2 ∈ V2 are not proportional after the identification of V1 and V2
by the chosen isomorphism. The stabilizer of u is Stu =
{(
ε 0
0 ε−1
)
, ε|q−p| = 1
}
.
If p 6= q, then Stu ∼= Zq−p is a finite group. Hence Orb(u) is three-dimensional and
open. If p = q, then the stabilizer of any point contains a one-dimensional torus.
Therefore there is no open orbit. In the sequel we shall consider the case q > p.
Then the toric variety Y = V//T˜ contains an open SL(2)-orbit. Therefore, Y is a
toric SL(2)/Zq−p - embedding.
The group SL(2) acts on itself by left shifts. This action induces the action on
the homogeneous space SL(2)/Zr. Let us consider the SL(2)-equivariant dominant
morphism
ϕ : SL(2)→ Y ; g
ϕ
7→ g · u.
It corresponds to the SL(2)-equivariant embedding
ϕ∗ : K[Y ] →֒ K[SL(2)] = K[α, β, γ, δ]/(αδ − βγ − 1).
Suppose g =
(
a b
c d
)
∈ SL(2). Then g · e1 = ae1 + ce2, g · e2 = be1 + de2. Note
that g · α = dα− bγ, g · γ = aγ − cα, g · β = dβ − bδ, g · δ = aδ − cβ. We have
ϕ∗(xm1 x
q−m
2 y
l
1y
p−l
2 )(g) = x
m
1 x
q−m
2 y
l
1y
p−l
2 (ϕ(g)) =
= xm1 x
q−m
2 y
l
1y
p−l
2 (g · e1 ⊗ . . .⊗ g · e1︸ ︷︷ ︸
q
⊗ g · e2 ⊗ . . .⊗ g · e2︸ ︷︷ ︸
p
) =
= xm1 x
q−m
2 y
l
1y
p−l
2 ((ae1 + ce2)⊗ . . .⊗ (ae1 + ce2)︸ ︷︷ ︸
q
⊗ (be1 + de2)⊗ . . .⊗ (be1 + de2)︸ ︷︷ ︸
p
) =
= amcq−mbldp−l = αmγq−mβlδp−l(g).
Thus ϕ∗(xm1 x
q−m
2 y
l
1y
p−l
2 ) = α
mγq−mβlδp−l.
Let us consider a unipotent subgroup U =
{(
1 0
∗ 1
)}
in SL(2). The algebra
of U -invariant functions on SL(2) is K[SL(2)]U = K[α, β]. The restriction of ϕ∗ to
K[Y ]U is ϕ∗|K[Y ]U : K[Y ]
U →֒ K[SL(2)]U = K[α, β]. Let us prove that the height
of Y is equal to the maximal possible value of the fraction w/t, where αtβw ∈
Imϕ∗|K[Y ]U = Imϕ
∗ ∩ K[α, β]. Let W be the toric SL(2)-embedding such that
Y =W//Zs. Then we have dominant morphisms
SL(2)
ψ
→W
pi
→ Y,
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where ϕ = π ◦ ψ. Hence,
K[Y ]U
pi∗|
K[W ]U
→֒ K[W ]U
ψ∗|
K[SL(2)]U
→֒ K[α, β].
If αtβw ∈ Im (ϕ∗) ∩K[α, β], then αtβw ∈ Im (ψ∗) ∩ K[α, β]. Therefore, the height
of W , which is equal to the height of Y , is not less then w/t. If the height of W
is equal to h, then there exists a monomial αξβη in Im (ψ∗) ∩ K[α, β] such that
η/ξ = h. Then αξβη = ψ∗(f) for some f ∈ K[W ]U . Let ζ =
(
ε 0
0 ε−1
)
be a
generator of Zs. Suppose
f˜ = f(ζ · f)(ζ2 · f) . . . (ζs−1 · f) ∈ K[Y ]U .
It is easy to see that ϕ∗(f˜) = αsξβsη. But sηsξ =
η
ξ = h. Thus, the height of Y is
the maximal possible value of w/t.
Proposition 7. If a monomial αtβw belongs to the image of ϕ∗, then w/t ≤ p/q.
Proof. Assume that ϕ∗(
∑
zix1
mix2
q−miy1
liy2
p−li) = αtβw, zi ∈ K. Then∑
ziα
miγq−miβliδp−li = αtβw + (αδ − βγ − 1)F (α, β, γ, δ).
(This equality holds in K[α, β, γ, δ].) Putting γ = 0 we obtain∑
ziα
qβliδp−li = αtβw + (αδ − 1)F˜ (α, β, γ).
Substituting 1/α for δ we obtain∑
ziα
q−p+liβli = αtβw.
Therefore,
t = q − p+ li; w = li; w/t = li/(q − p+ li) ≤ p/q.

For the monomial αqβp = ϕ∗(xq1y
p
1), we have w/t = p/q. Hence the height of Y
is equal to p/q. But, by definition, the height of Y is equal to the height ofW . And
it is equal to the height of X . Therefore the height of X is equal to p/q. Recall
that Y = V//T˜ is an SL(2)/Zq−p-embedding, and X = (V//T˜ )//Zl = Y//Zl. Hence
the order of the stabilizer of a point in the open SL(2)-orbit in X is divisible by
q − p.
Let us check that an SL(2)/Z(q−p)l-embedding of height p/q is toric for every
positive integer l. Indeed, Y = K4//T˜ is a toric variety with the height p/q, that is,
Y corresponds to l = 1. Let us consider an SL(2)/Z(q−p)l-embedding with height
p/q. We have X = W//Z(q−p)l = (W//Z(q−p))//Zl = Y//Zl. Suppose π : Y → X is
the factorisation morphism. The torus T = T/T˜ acts on Y with an open orbit and
trivial stabilizer of generic point. Let us define a T -action on X by t ·π(y) = π(t ·y).
This action is well defined if the actions of T and Zl on Y commute. Let us check
that the actions of T and Zl = Z(q−p)l/Zq−p on K[Y ] commute, where Z(q−p) ⊂
SL(2) and Z(q−p)l ⊂ SL(2). Suppose
t = tT˜ ∈ T, t =

a 0 0 0
0 b 0 0
0 0 c 0
0 0 0 d
 ∈ T ,
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ζ =
(
ε 0
0 ε−1
)
∈ Zl(q−p), ζ = ζZq−p ∈ Zl.
Here ε is a (q − p)l-th root of unity. Then
t · xm1 x
q−m
2 y
n
1 y
p−n
2 = a
−mbm−qc−ndn−pxm1 x
q−m
2 y
n
1 y
p−n
2 .
Recall that
Y = {v1 ⊗ . . .⊗ v1 ⊗ v2 ⊗ . . .⊗ v2} ⊂ V
⊗q
1 ⊗ V
⊗p
2 .
The open SL(2)-orbit is {g · e1 ⊗ . . .⊗ g · e1 ⊗ g · e2 ⊗ . . .⊗ g · e2}, where (e1, e2) is
a fixed basis in K2. Suppose v = g0 · e1 ⊗ . . .⊗ g0 · e1 ⊗ g0 · e2 ⊗ . . .⊗ g0 · e2. Then
ζ · v = g0ζ · e1 ⊗ . . .⊗ g0ζ · e1 ⊗ g0ζ · e2 ⊗ . . .⊗ g0ζ · e2 =
= εg0 · e1 ⊗ . . .⊗ εg0 · e1 ⊗ ε
−1g0 · e2 ⊗ . . .⊗ ε
−1g0 · e2 =
= εq−pg0 · e1 ⊗ . . .⊗ g0 · e1 ⊗ g0 · e2 ⊗ . . .⊗ g0 · e2 = ε
q−pv.
Hence, ζ · xm1 x
q−m
2 y
n
1 y
p−n
2 (v) = x
m
1 x
q−m
2 y
n
1 y
p−n
2 (ζ
−1 · v) = εp−qxm1 x
q−m
2 y
n
1 y
p−n
2 (v).
This implies that the actions of the torus and Zl commute. Thus, X is a toric
SL(2)/Z(q−p)l-embedding.
Let us formulate the main result.
Theorem 2. Let X be an irreducible three-dimensional normal affine variety. As-
sume that there exists a locally transitive SL(2)-action on X. Then X is toric if
and only if X is an SL(2)/Zr-embedding of height
p
q , where (p, q) = 1 and r is
divisible by q − p.
Corollary 3. An SL(2)-embedding is toric if and only if its height can be written
as p/(p+ 1).
7. The cone of a toric SL(2)-embedding
As it was mentioned in Section 1 any toric variety X corresponds to a polyhedral
cone in the space NQ ∼= Q
dimX . Let us describe the cone corresponding to an
SL(2)/Z(q−p)l-embedding X of height p/q.
In the previous section we gave an explicit construction of X as the quotient of
a toric SL(2)/Z(q−p)-embedding Y by the action of the group Zl. The algebra of
regular functions on Y is K[xm1 x
q−m
2 y
n
1 y
p−n
2 ], 0 ≤ m ≤ q, 0 ≤ n ≤ p. Moreover,
we obtained an explicit formula for the action of Zl on K[Y ]. The action of the
generator ζ of Zl on K[Y ] is given by ζ · x
m
1 x
q−m
2 y
n
1 y
p−n
2 = ε
p−qxm1 x
q−m
2 y
n
1 y
p−n
2 ,
where ε is an l(q − p)-th root of unity. Hence the algebra of invariants is
K[X ] = K[Y ]Zl = K[xu1x
lq−u
2 y
v
1y
lp−v
2 ].
Let us embed K[X ] in the algebra of polynomials in three variables. Suppose
f = x2/x1, g = y2/y1, h = x1
lqy1
lp in K(X). It is clear that f , g and h are
algebraically independent. Then x1
lq−ux2
my1
lp−vy2
v = fugvh. There is a natural
embedding K[f, g, h] →֒ K[f, g, h, f−1, g−1, h−1]. It corresponds to the embedding of
the torus T = SpecK[f, g, h, f−1, g−1, h−1] into the three-dimensional affine space
V = SpecK[f, g, h]. Recall that M is the lattice of characters of T . Then M is
spanned by the vectors a = (1, 0, 0), b = (0, 1, 0) and c = (0, 0, 1). Let N be the
dual lattice. Then K[f, g, h] is the semigroup algebra of the semigroup P generated
by a, b and c. Let us define an isomorphism i : K[f, g, h]→ K[P ] by i(f) = a, i(g) =
b, i(h) = c. Then i(fugvh) = ua+ vb+ c.
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Denote by σ the cone corresponding to X and by σ̂ the cone dual to σ. The
cone σ̂ is spanned by the vectors
ua+ vb+ c, u ∈ Z ∩ [0, lq], v ∈ Z ∩ [0, lp].
Then the cone σ consists of all vectors w ∈ N such that 〈w, ua + vb + c〉 ≥ 0. A
linear function accepts the minimal value at an end of an interval. Hence the cone
σ can be given by the following inequalities:
(w, c) ≥ 0, (w, lqa+ c) ≥ 0, (w, lpb+ c) ≥ 0, (w, lqa+ lpb+ c) ≥ 0.
To find edges of the cone σ we should choose two of the above four inequations,
replace them by the corresponding equations, and solve the obtained system of
equations. Besides, we need to choose only those solutions that belong to σ. We
have six systems.
1) {
t = 0;
rlq + t = 0.
Hence r = 0, t = 0. The answer is (0,1,0).
2) {
t = 0;
slp+ t = 0.
Therefore s = 0, t = 0. The answer is (1,0,0).
3) {
t = 0;
rlq + slp+ t = 0.
Hence t = 0, rlq+slp = 0. Since rlq ≥ 0 and slp ≥ 0,
we obtain rlq = slp = 0, that is, r = s = t = 0.
4) {
rlq + t = 0;
slp+ t = 0.
Therefore 0 ≤ rlq+ slp+ t = −t ≤ 0. Hence r = s =
t = 0.
5) {
rlq + t = 0;
rlq + slp+ t = 0.
Therefore s = 0. Since for vector (1, 0,−lq) we ob-
tain slp+ t < 0, the answer is (−1, 0, lq).
6) {
slp+ t = 0;
rlq + slp+ t = 0.
Hence r = 0. The answer is (0,−1, lp).
We obtain four 1-dimensional faces: ρ1 = Q+(1, 0, 0), ρ2 = Q+(0, 1, 0), ρ3 =
Q+(−1, 0, lq) and ρ4 = Q+(0,−1, lp). Let us formulate the result.
Proposition 8. The cone corresponding to an SL(2)/Zl(q−p)-embedding of height
p/q regarded as a toric variety is
cone((1, 0, 0), (0, 1, 0), (−1, 0, lq), (0,−1, lp)).
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8. Final remarks
Recently the question on degeneracy of an algebraic variety to a toric one has
been actively studied (see, for example, [11]). In the case of an affine SL(2)/Zr-
embedding the standard procedure of contraction of an action [12] gives us a toric
variety. But if the starting variety was toric, then the variety after contraction is
never isomorphic to it.
Note that the result of this paper can be consider as the first step towards describ-
ing the group of all (not equivariant) automorphisms of an SL(2)/Zr-embedding.
Indeed, the rank of this group has been calculated. For toric SL(2)/Zr-embeddings
it is equal to 3. For non-toric SL(2)/Zr-embeddings it equals 2, because a 2-
dimensional torus acts on any SL(2)/Zr-embedding (see [5, chapter 3, p. 4.8]).
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